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We study the dynamics of a micromaser where the pumping atoms are strongly driven by a
resonant classical field during their transit through the cavity mode. We derive a master equation
for this strongly-driven micromaser, involving the contributions of the unitary atom-field interactions
and the dissipative effects of a thermal bath. We find analytical solutions for the temporal evolution
and the steady-state of this system by means of phase-space techniques, providing an unusual
solvable model of an open quantum system, including pumping and decoherence. We derive closed
expressions for all relevant expectation values, describing the statistics of the cavity field and the
detected atomic levels. The transient regime shows the build-up of mixtures of mesoscopic fields
evolving towards a superpoissonian steady-state field that, nevertheless, yields atomic correlations
that exhibit stronger nonclassical features than the conventional micromaser.
PACS numbers: 42.50.Pq, 03.65.Yz, 32.80.Qk
I. INTRODUCTION
The micromaser [1] is a fundamental system in cav-
ity quantum electrodynamics (CQED) [2] where a sin-
gle cavity mode is pumped by a poissonian beam of ex-
cited two-level atoms, in such a way that at most one
atom is inside the cavity. While each atom traverses the
cavity, the entangled atom-cavity system undergoes the
Jaynes-Cummings (JC) interaction [3] and, when this
is not the case, the field decays due to its coupling to
the environment. It has been demonstrated that the mi-
cromaser exhibits interesting nonclassical features in the
field statistics and in the atomic correlations, like sub-
poissonian photon statistics [4], trapping states [5] and
number states [6] of the cavity field, and antibunched
atomic correlations [7].
Recently, it was shown that the effective coupling be-
tween an atom and a single cavity mode can be drasti-
cally modified in the presence of a strong external driving
field [8]. For example, under resonant conditions among
the atomic transition, the cavity mode and the external
field, it is possible to engineer a resonant JC and anti-
JC interaction simultaneously. In this case, the usual
atom-field Rabi oscillations do not play any further role,
leaving their place to conditional field displacements de-
pending on the atomic internal states: “Schro¨dinger cat
states.” Generation of entanglement and its measure-
ment is a very active field in CQED with diverse implica-
tions in fundamental and applied quantum physics [7, 9].
From that point of view, a more realistic study of this
new scheme and its different variants, where dissipative
effects are fully taken into account, is desirable.
In this paper we develop the theory of a strongly-driven
micromaser (SDM) and study the new features of the
field statistics and the atomic correlations. We formulate
a master equation for the cavity field density operator
where the gain originates in the coherent interaction of
the field with two-level atoms which are strongly driven
by an external driving while they are inside the cavity [8].
The losses in the master equation stem from the interac-
tion of the cavity field with a thermal bath. The addi-
tional strong driving acting on the atoms changes dras-
tically the SDM dynamics as compared with the conven-
tional micromaser.
We show that the SDM master equation can be solved
analytically by means of phase-space methods, providing
an unusual solvable model of an open quantum system
under realistic conditions. In this way we are able to
trace the temporal evolution of the SDM field from an
arbitrary initial state to the final steady-state, which hap-
pens to be superpoissonian. We derive closed expressions
for the main quantities which characterize the statistics
of the cavity photons and the detected atoms. We find
that, despite the classicality of the SDM field steady-
state, the atomic correlations exhibit stronger nonclassi-
cal features when compared with the conventional micro-
maser. The description of system dynamics is illustrated
also by numerical results which support and complement
the analytical ones. It is worth noting that the present
SDM system differs markedly from the recently investi-
gated coherently-driven micromaser [10], where an ex-
ternal field continuously drives the cavity mode and no
strong driving regime is required.
In Sec. II, we present the atom-field Hamiltonian of
the SDM and illustrate its main dynamical features. In
particular, we show how the cavity field changes as a
consequence of the passage of one, two, or more atoms.
We pay careful attention to the crucial difference between
the situations in which the atoms remain unobserved and
in which their final state is detected. Then, in Sec. III, we
formulate the SDM master equation and derive its time-
dependent analytical solution. As an application, we use
it to calculate the expectation values of various important
observables of the photon field, and of the atom counting
2statistics. Numerical results are discussed in Sec. IV, and
conclusions are drawn in Sec. V.
II. HAMILTONIAN AND COHERENT
DYNAMICS
The fully resonant interaction between one mode of a
high-Q cavity and a two-level atom strongly driven by a
classical external field can be described by the following
Hamiltonian [8]
H =
~g
2
(σ† + σ)(a† + a), (1)
where g is the atom-cavity mode coupling constant, a (a†)
the field annihilation (creation) operator, and σ = |g〉〈e|
(σ† = |e〉〈g|) the atomic lowering (raising) operator. The
Hamiltonian of Eq. (1), written in the interaction picture,
was derived in [8] in the strong driving regime Ω ≫ g,
where Ω is the Rabi frequency associated with the exter-
nal field.
A first feature of Hamiltonian in Eq. (1) is the presence
of resonant terms of both the Jaynes-Cummings type,
σ†a + σa†, and of the anti-JC type, σ†a† + σa. Actu-
ally, the latter terms are usually negligible in CQED,
whereas they can be of importance in other systems, like
ion traps [11]. A second feature, that is discussed below,
is the direct generation of the so-called Schro¨dinger cat
states of the cavity field.
The Hamiltonian of Eq. (1) generates a time evolution
that is described by the unitary operator
U(ξ) = D(ξ)|+〉〈+|+D(−ξ)|−〉〈−| , (2)
where the parameter ξ = −igτ/2 is proportional to the
interaction time τ ; D(α) = exp (αa† − α∗a) is the uni-
tary displacement operator; and |±〉 = (1/√2)(|g〉 ± |e〉)
are the eigenstates of the atomic operator σx ≡ σ† + σ
with eigenvalues ±1, respectively. Starting from an ini-
tial state with the cavity field in a state ρF,0 and one
atom injected in the excited state,
ρ0 = ρF,0 ⊗ |e〉〈e| , (3)
the density operator evolves to the state
ρ1 = U(ξ)ρ0U(−ξ) . (4)
We consider two cases, one in which the atom is not
observed when it leaves the cavity and the other in which
it is detected in the upper or lower level.
A. Atoms are not observed
If we are interested in the cavity field after the atomic
transit without measuring the state of the outgoing atom,
the cavity field density operator is
ρF,1 = TrAρ1 =
1
2
[D(ξ)ρF,0D(−ξ) +D(−ξ)ρF,0D(ξ)] ,
(5)
FIG. 1: Wigner distributions W1(α) andW2(α) of the cavity
field, see Eq. (9), in the case of one and two crossing atoms,
respectively, provided that no attempt is made to determine
the final internal state of the atoms. Here, as well as in all
the following figures, |ξ| = pi, the cavity field is initially in the
vacuum state, and the atoms in the excited state.
where TrA is the partial trace over the atomic degrees
of freedom, and we used Eqs. (2)-(4). If the cavity is
initially in the vacuum state, ρF,0 = |0〉〈0|, its state turns
into
ρF,1 =
1
2
(|ξ〉〈ξ|+ | − ξ〉〈−ξ|) , (6)
which is a statistical mixture of two coherent states with
the same amplitude and opposite phases.
It is of interest for what follows to describe the time
evolution of the cavity field in phase space. While for
the vacuum state the Wigner function is the Gaussian
W0(α) = 2 exp (−2|α|2), for the state of Eq. (6) we have
W1(α) = 2 exp
[−2(|α|2 + |ξ|2)] cosh(4|ξ|Imα) . (7)
This last expression shows that the interaction with a
driven atom can affect the rotational symmetry of the
initial vacuum state. The section of W1(α) along the
real axis remains a Gaussian with the initial minimum
uncertainty, while the section along the imaginary axis
is broadened, showing a two-peaked structure that re-
sults from the superposition of two Gaussians centered
at α = ±ξ. The two peaks are well resolved if |ξ| ≫ 1/2,
which requires that the system is operated in the strong-
coupling regime (gτ ≫ 1).
If the cavity mode, initially in the vacuum state, inter-
acts with 1, 2, . . . ,m strongly driven atoms, all assumed
3to pass through the cavity (one by one) with the same
interaction time τ and to leave it unobserved, the final
field state is given by the density operator
ρF,m =
1
2m
m∑
n=0
(
m
n
)
|(m− 2n)ξ〉〈(m− 2n)ξ| , (8)
which describes a mixture of m+1 coherent states. This
state is represented in phase space by the Wigner func-
tion
Wm(α) =
1
2m−1
m∑
n=0
(
m
n
)
exp
[−2|α− (m− 2n)ξ|2] .
(9)
Hence, in the strong coupling regime and with neg-
ligible dissipation effects, multi-peaked cavity field dis-
tributions can be generated in phase-space, where the
number of peaks increases with the number of driven
atoms injected in the cavity. The subsequent genera-
tion of such cavity field states is illustrated in Fig. 1,
where we show the Wigner functions W1(α),W2(α) cal-
culated from Eq. (9). After the transit of m atoms the
function Wm(α) exhibits m + 1 peaks, all centered on
the imaginary axis and with a center-to-center distance
of 2|ξ| = gτ . If m is even, the peaks are centered at
Reα = 0 and Imα = 0,±2|ξ|, . . . , where the central peak
in the origin is the highest one. If m is odd, the centers
are at Reα = 0 and Imα = ±|ξ|,±3|ξ|, . . ., the highest
peaks being at α = ±ξ.
B. Atoms are detected
Now we consider the cavity field in the case in which
the strongly driven atoms are detected when they leave
the cavity, e.g. their state is determined by selective field
ionization, where for simplicity we assume perfect detec-
tor efficiency. We are again interested in the cavity field
properties after interaction. Proceeding again from the
initial condition of Eq. (3), and using Eqs. (2)-(4), the
cavity field density operators after detecting the atom in
the excited state ρ
(e)
F,1 or in the ground state ρ
(g)
F,1 are
ρ
(e)
F,1 =
[D(ξ) +D(−ξ)] ρF,0 [D(ξ) +D(−ξ)]
2 [Reχ(2ξ) + 1]
,
ρ
(g)
F,1 =
[D(ξ)−D(−ξ)] ρF,0 [D(ξ)−D(−ξ)]
2 [Reχ(2ξ)− 1] , (10)
where χ(β) = TrF {ρF,0D(β)} is the characteristic func-
tion for symmetrical ordering of the field operators [12]
and TrF is the partial trace over the field variables. If
the cavity is initially in the vacuum state, then
ρ
(e)
F,1 =
|ξ〉〈ξ|+ | − ξ〉〈−ξ|+ |ξ〉〈−ξ|+ | − ξ〉〈ξ|
2 [1 + exp(−2|ξ|2)] ,
ρ
(g)
F,1 =
|ξ〉〈ξ|+ | − ξ〉〈−ξ| − |ξ〉〈−ξ| − | − ξ〉〈ξ|
2 [1− exp(−2|ξ|2)] ,
(11)
which are pure states of the cavity field instead of the
statistical mixtures of Eq. (6). Actually, the cavity field
state vectors are |ψF,1〉(e),(g) ∝ (|ξ〉 ± (| − ξ〉), that is
the superposition of two coherent states of the kind gen-
erated and monitored in the dispersive regime of cavity
QED in [13]. More elaborated superposition states were
investigated in Ref. [8], where also many-atom states were
considered. The mean photon number of the field states
of Eq. (11) are
〈N1〉(e),(g) = |ξ|2 1∓ exp(−2|ξ|
2)
1± exp(−2|ξ|2) , (12)
whereas 〈N1〉 = |ξ|2 in the case of an unmeasured atom
of Sec. II A.
The Wigner functions representing the states of
Eq. (11) are
W
(e),(g)
1 (α) = 2e
−2|α|2
[
e−2|ξ|
2
cosh(4|ξ|Imα)
± cos(4|ξ|Reα)]/(1± e−2|ξ|2) . (13)
Beyond the two-peaked structure, present in Eq. (7) for
an unmeasured atom (see also Fig. 1), the presence of
the sinusoidal interference term implies that the Wigner
functions in Eq. (13) can exhibit strong oscillations with
period pi/2|ξ|. They can even take negative values (see
Fig. 2), which is a signature of the quantum nature of
the cavity field states of Eq. (11). In particular, in the
origin of phase space, W
(e),(g)
1 (0) = ±2.
If a second atom crosses the cavity and is also detected
in the upper or lower state soon after, the cavity field is
projected onto one of the following states,
ρ
(ee)
F,2 =
[|2ξ〉〈2ξ|+ 4|0〉〈0|+ | − 2ξ〉〈−2ξ|+ |2ξ〉〈−2ξ|
+| − 2ξ〉〈2ξ|+ 2(|2ξ〉〈0|+ |0〉〈2ξ|+ |0〉〈−2ξ|
+| − 2ξ〉〈0|)]/[2(3 + 4e−2|ξ|2 + e−8|ξ|2)] ,
ρ
(eg)
F,2 = ρ
(ge)
F,2 =
[|2ξ〉〈2ξ|+ | − 2ξ〉〈−2ξ|
−|2ξ〉〈−2ξ| − | − 2ξ〉〈2ξ|]/[2(1− e−8|ξ|2)] ,
ρ
(gg)
F,2 =
[|2ξ〉〈2ξ|+ 4|0〉〈0|+ | − 2ξ〉〈−2ξ|+ |2ξ〉〈−2ξ|
+| − 2ξ〉〈2ξ| − 2(|2ξ〉〈0|+ |0〉〈2ξ|+ |0〉〈−2ξ|
+| − 2ξ〉〈0|)]/[2(3− 4e−2|ξ|2 + e−8|ξ|2)] ,
(14)
where, for instance, (eg) means that the first atom is de-
tected in the upper state and the second one in the lower
state. The expressions of Eq. (14) should be compared
with the statistical mixture of Eq. (8) in the case of two
unobserved atoms (m = 2). The density operators in
Eq. (14) describe mesoscopic Schro¨dinger-cat-like states
of the cavity field, the corresponding state vectors being
|ψF,2〉(ee),(gg) ∝ (|2ξ〉 ± 2|0〉+ | − 2ξ〉) ,
|ψF,2〉(eg) = |ψF,2〉(ge) ∝ (|2ξ〉 − | − 2ξ〉) . (15)
4(a)
(b)
FIG. 2: Wigner distribution of the cavity field for the case of
one crossing atom detected (a) in the excited state, W
(e)
1 (α);
(b) in the ground state, W
(g)
1 (α); see Eq. (13).
The Wigner functions which represent the above states
in phase space, whose behavior is depicted in Fig. 3, can
be written as
W
(ee)
2 (α) = 2e
−2|α|2
[
2 + e−8|ξ|
2
cosh(8|ξ|Imα)
+4e−2|ξ|
2
cosh(4|ξ|Imα) cos(4|ξ|Reα)
+ cos(8|ξ|Reα)]/(3 + 4e−2|ξ|2 + e−8|ξ|2) ,
W
(eg)
2 (α) = W
(ge)
2 (α) = 2e
−2|α|2
[− cos(8|ξ|Reα)
+e−8|ξ|
2
cosh(8|ξ|Imα)]/(1− e−8|ξ|2) ,
W
(gg)
2 (α) = 2e
−2|α|2
[
2 + e−8|ξ|
2
cosh(8|ξ|Imα)
−4e−2|ξ|2 cosh(4|ξ|Imα) cos(4|ξ|Reα)
+ cos(8|ξ|Reα)]/(3− 4e−2|ξ|2 + e−8|ξ|2) .
(16)
We consider now the atomic statistics at the exit of
the cavity independent of the cavity field state. If an
atom is injected in the cavity, so that the initial state is
ρF ⊗ |e〉〈e|, the atomic state after the interaction will be
ρA = TrF
{
U(ξ)ρF ⊗ |e〉〈e|U(−ξ)
}
=
1
2
[
1A +Reχ(2ξ)
(|e〉〈e| − |g〉〈g|)
+i Imχ(2ξ)
(|g〉〈e| − |e〉〈g|)] . (17)
(a)
(b)
(c)
FIG. 3: Wigner distribution of the cavity field for the
case of two crossing atoms detected (a) both in the excited
state, W
(ee)
2 (α); (b) one in the excited state and the other
in the ground state, W
(eg)
2 (α); (c) both in the ground state,
W
(gg)
2 (α); see Eq. (16).
Here, TrF is the partial trace over the cavity mode de-
grees of freedom. In the derivation of Eq. (17) we used
also Eqs. (2) and (3) as well as the property χ(β) =
χ(−β)∗. Finally, we can calculate the probability pe,g
for atomic detection in the upper or lower state as
pe,g = 〈e, g|ρA|e, g〉 = 1
2
[
1± Reχ(2ξ)] . (18)
5III. MASTER EQUATION AND ANALYTICAL
RESULTS
A. SDM master equation and analytical solutions
We consider now the case of a poissonian beam of two-
level Rydberg atoms, with pumping rate r, interacting
with a single mode of a microwave high-Q cavity. While
the atoms are inside the cavity, during an interaction time
τ , they are strongly driven by an additional classical field,
the whole system being in resonance. We study a regime
where at most one atom is present inside the cavity, that
is, τ ≪ r−1, and where the decay of atomic Rydberg
levels is negligible. Between two successive atoms, the
cavity field decays due to its interaction with a thermal
bath. Hence, even though the present strongly-drivenmi-
cromaser (SDM) looks quite similar to the conventional
micromaser, there is a crucial difference in the pump-
ing dynamics. As we discussed in the previous section,
the JC interaction and its Rabi oscillations do not rule
any more the unitary atom-field interaction. Their role
is taken over by field displacements conditioned on the
atomic internal states.
The dynamics of the SDM field is ruled by the interplay
between the amplification process, due to the interaction
with the driven atoms, and the dissipation process, occur-
ring when no atom crosses the cavity. In a coarse-grained
description the gain rate of the cavity mode follows from
Eq.(5),
∂ρF
∂t
∣∣∣∣∣
gain
=
r
2
[
D(ξ)ρFD(−ξ) +D(−ξ)ρFD(ξ)− 2ρF
]
.
(19)
The loss rate, due to the interaction of the cavity field
with a thermal bath [14], is given by
∂ρF
∂t
∣∣∣∣∣
loss
= −γ(n¯+ 1)
2
[
a†aρF − 2aρFa† + ρF a†a
]
−γn¯
2
[
aa†ρF − 2a†ρF a+ ρFaa†
] ≡ LρF ,
(20)
where γ is the cavity photon decay rate and n¯ the mean
thermal photon number. By combining Eqs. (19) and
(20) we obtain the SDM master equation
∂ρF
∂t
=
r
2
[D(ξ)ρFD(−ξ) +D(−ξ)ρFD(ξ)− 2ρF ] + LρF .
(21)
At variance with the conventional micromaser, whose
master equation has only an analytical solution in steady-
state [15], the SDM master equation (21) can be fully
solved for any time. The key step is a transformation
of the equation of motion (21) for the density operator
into the corresponding partial differential equation for its
symmetrically ordered characteristic function χ(β), al-
ready introduced in the previous section. We recall that
χ(β) is related to the field density operator by [12]
ρF = pi
−1
∫
χ(β)D−1(β) d2β (22)
and that the Wigner function, W (α), is the 2D Fourier
transform of the characteristic function χ(β) [12].
Using known operator techniques [14], we thus map
Eq. (21) into the following partial differential equation
for χ(β, β∗, t),
∂
∂t
χ(β, β∗, t) =
[r
2
(
eξ
∗β−ξβ∗ + e−ξ
∗β+ξβ∗ − 2)
−γ
2
(2n¯+ 1)|β|2
]
χ(β, β∗, t)
− γ
2
(
β
∂
∂β
+ β∗
∂
∂β∗
)
χ(β, β∗, t) .
(23)
We transform Eq. (23) to cartesian coordinates by setting
ξ∗β ≡ |ξ|(x + iy), which gives
(
∂
∂t
+
γ
2
[
x
∂
∂x
+ y
∂
∂y
+xG′(x)+ yF ′(y)
])
χ(x, y, t) = 0 ,
(24)
where
G(x) =
2n¯b + 1
2
x2 ,
F (y) =
y∫
0
4Nex sin
2(|ξ|z) + (2n¯b + 1)z2
z
dz , (25)
and Nex = r/γ. The solution of Eq. (24) reads
χ(x, y, t) =
χ(ss)(x, y)χ0(xe
− γt
2 , ye−
γt
2 )
χ(ss)(xe−
γt
2 , ye−
γt
2 )
. (26)
Here,
χ(ss)(x, y) = e−G(x)−F (y) (27)
is the steady-state solution of Eq. (24) that is reached
for t → ∞, and χ0 = TrF [ρF (0)D] is the characteristic
function corresponding to the initial field state ρF (0). By
substituting the expressions of Eq. (25) into Eq. (27), we
arrive at the steady-state characteristic function
χ(ss)(x, y) = exp
(
−(n¯+ 12 )(x2 + y2)
+4Nex
[−γe − ln(2|ξ|y) + Ci(2|ξ|y)]
)
,
(28)
where γe is Euler’s constant and Ci(2|ξ|y) is the Cosine
Integral defined as
Ci(2|ξ|y) = γe + ln(2|ξ|y) +
2|ξ|y∫
0
cos(z)− 1
z
dz . (29)
6Note that starting from a real initial function, the time-
dependent solution in Eq. (26) will always produce a
real characteristic function. This follows from the in-
variance of the time evolution equation in Eq. (23) un-
der the transformation β → −β, and from the property
χ(β) = χ(−β)∗. Accordingly, the solution of Eq. (26)
depends only on the modulus of the (imaginary) param-
eter ξ, which is in agreement with the invariance of the
master equation (21) under the transformation ξ → −ξ.
B. SDM field statistics
It is clear that from the general solution of the charac-
teristic function, Eq. (26), we can calculate the field den-
sity operator ρF (t), following Eq. (22), and have access
to the field statistics. However, this information can be
directly extracted from the characteristic function itself,
since the expectation value of any symmetrically ordered
product of the operators a and a† is given by [12]
〈(a†)man〉sym = ∂
m+nχ(β, β∗)
∂βm∂(−β∗)n
∣∣∣∣
β=β∗=0
. (30)
For example, we have
〈a(t)〉 = 〈a(0)〉e− γ2 t ,
〈a†(t)a(t)〉 = 〈a†(0)a(0)〉e−γt + (Nex|ξ|2 + n¯)(1 − e−γt) ,
〈a2(t)〉 = 〈a2(0)〉e−γt +Nexξ2(1 − e−γt) . (31)
From the expressions in Eq. (31) and their complex
conjugates, we derive the steady-state expectation val-
ues of the field amplitude, photon number, and quadra-
ture variances (∆x1,2)
2, with x1 = (1/2)(a
† + a) and
x2 = (i/2)(a
† − a),
〈a〉(ss) = 0 ,
〈a†a〉(ss) = Nex|ξ|2 + n¯ ,
(∆x1
(ss))2 = 14 (1 + 2n¯) ,
(∆x2
(ss))2 = 14 (1 + 2n¯+ 4Nex|ξ|2) . (32)
We see that at steady-state the expectation value of the
SDM field is zero, whereas the mean photon number is a
quadratic function of the modulus of the single atom dis-
placement parameter ξ. Also, for vanishing cavity tem-
perature (n¯ → 0), the variance of the quadrature oper-
ator x1 remains at the minimum value 1/4, whereas the
variance of the orthogonal quadrature x2, the one that
is being driven by the system, is broadened by a factor
equal to 〈a†a〉(ss).
Another important quantity describing the photon
statistics is the Fano-Mandel parameter Q = [(∆N)2 −
〈N〉]/〈N〉, where N ≡ 〈a†a〉. For the SDM at steady-
state we obtain
Q = 1 +Nex|ξ|2 + n¯+
Nex|ξ|4(Nex + 12 )
Nex|ξ|2 + n¯ , (33)
which describes a persistent superpoissonian behavior
(Q > 1). This result is at variance with the conventional
micromaser steady-state [15], which alternates between
superpoissonian and subpoissonian statistics.
C. Atomic correlations
Just as it is the case for the micromaser, in the SDM we
are not able to measure the cavity field directly. There-
fore, we use the atoms not only for pumping the cav-
ity mode but also as a source of information about the
SDM field. The theory of the detector clicks statistics as
well as the connection between the statistics of the de-
tected atoms and the cavity field was developed for the
conventional micromaser in Ref. [16]. According to this
approach, the detection of the exiting atom, initially ex-
cited, in the ground state is described by an operator A
whose action on the field density operator ρF is
AρF = 1
4
[
D(−ξ)ρFD(ξ) +D(ξ)ρFD(−ξ)
−D(−ξ)ρFD(−ξ)−D(ξ)ρFD(ξ)
]
. (34)
Likewise, the click operator B for detection in the excited
state acts as follows
BρF = 1
4
[
D(−ξ)ρFD(ξ) +D(ξ)ρFD(−ξ)
+D(−ξ)ρFD(−ξ) +D(ξ)ρFD(ξ)
]
. (35)
Note that the above expressions have the same structure
as the field state operators of Eqs. (10). The probability
to detect the atom in the ground (excited) state pg (pe)
can be calculated as TrF [AρF ] (TrF [BρF ]), giving the
results of Eq. (18), which can be further simplified after
the derivation of a real expression for the characteristic
function χ, so that
pe,g =
1
2
[1± χ(2ξ)] . (36)
The introduction of the above click operators enables us
to describe the atomic correlation functions, or condi-
tional probabilities for two consecutive detector clicks.
For instance, the correlation function for a detection of
the first atom in the excited state after a detection of
the second atom in the ground state separated by a time
interval t is given by
Gge(t) =
TrF [BeL0tAρ(ss)]
TrF [Bρ(ss)]TrF [Aρ(ss)]
=
1 + χ˜(2ξ, t)
1 + χ(ss)(2ξ)
, (37)
where L0 = L + r(A + B − 1), χ(ss) is the steady-state
characteristic function(28), and
χ˜(2ξ, t) =
2χ(ss)(2ξe−
A
2
t)− 1− χ(ss)(4ξe−A2 t)
2− 2χ(ss)(2ξe−A2 t)
× exp
(
−(n¯+ 12 )|2ξ|2(1− e−
A
2
t)
)
. (38)
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FIG. 4: Atomic correlations Geg with parameters Nex = 50,
n¯ = 0.03. The figures are plotted for time intervals t = 0
(top) and t = 0.01 (bottom) between detection clicks.
The two-click correlation function in Eq. (37) is the ra-
tio between the conditional probability to have a second
e-click at time t after a first g-click occurred at time 0,
and the probability for an e-click when the cavity field
is in the steady-state. All other correlation functions for
click pairs Gee, Ggg and Geg are given by the following
expressions
Ggg(t) =
TrF [AeL0tAρ(ss)](
TrF [Aρ(ss)]
)2 = 1− χ˜(2ξ, t)1− χ(ss)(2ξ) ,
Geg(t) =
TrF [AeL0tBρ(ss)]
TrF [Aρ(ss)]TrF [Bρ(ss)] =
1− χ¯(2ξ, t)
1− χ(ss)(2ξ) ,
Gee(t) =
TrF [BeL0tBρ(ss)](
TrF [Bρ(ss)]
)2 = 1 + χ¯(2ξ, t)1 + χ(ss)(2ξ) , (39)
where
χ¯(2ξ, t) =
2χ(ss)(2ξe−
A
2
t) + 1 + χ(ss)(4ξe−
A
2
t)
2 + 2χ(ss)(2ξe−
A
2
t)
× exp
(
−(n¯+ 12 )|2ξ|2(1− e−
A
2
t)
)
. (40)
However, like in the case of the conventional micro-
maser, the two-click correlation functions of Eqs. (37)
and (39) for the SDM reflect the statistics of all possible
consecutive two-click events separated by a time t. In
order to judge about the correlations between two truly
successive atoms, one should take the limit t → 0 in
Eqs. (37) and (39). In this limit, two consecutive atoms
interact with the cavity field and there is no time for
decoherence to take place in between. Therefore, one ex-
pects stronger atomic correlations as a consequence of
the discussion done in Sec. II B
In Fig. 4, we show the correlation function Geg as a
function of the displacement ξ. We see that Geg exhibits
stronger correlations, when compared with the conven-
tional micromaser, despite the complete classicality of
the SDM steady-state. This is a counter intuitive re-
sult coming from the belief that stronger correlations
should appear only when non-classical steady-states are
involved. The stronger atomic correlations present in the
SDM originate in the different nature of the unitary pro-
cess. In the SDM, we rely on an interaction (see Sec. II)
that naturally produces mesoscopic entangled atom-field
states (“Schro¨dinger cat states”), while the conventional
micromaser uses the Jaynes-Cummings interaction, pro-
ducing Rabi oscillations inside well defined atom-field
subspaces, and essentially exchanging a single photon per
cycle.
IV. NUMERICAL RESULTS
In order to describe the SDM dynamics we have at our
disposal the analytical expression of the symmetrically
ordered characteristic function χ(β, β∗, t), Eq.(26). We
can as well describe the time evolution of the Wigner
function W (α, α∗, t), that is the Fourier transform of
χ(β, β∗, t), which gives a picture in the phase space as-
sociated to the cavity mode. We can further consider
the time behavior of the density matrix (ρF )m,n(t) =
〈m|ρF (t)|n〉, derived from the master equation in Eq. (21)
when the field density operator is represented in the Fock
basis. In this case, we can use quantum jumps techniques
[17], already applied succesfully in several problems in the
domain of CQED [10, 18].
All these intertwined tools allow a consistent descrip-
tion of SDM dynamics which complements the analytical
results and unveils additional features. As an example,
in Fig. 5 we show the transient behavior of the Wigner
distribution W (α) of the SDM field. Starting from the
Gaussian function of the vacuum state (Fig. 5a), after
a time interval γt = 0.1 (Fig. 5b) we see the presence
of two additional peaks, symmetrically placed along the
imaginary axis. Here, we have chosen |ξ| = pi, a large
enough value to see a peaked structure. At later times in
the transition, Fig. 5(c,d), we see the onset of other peak
pairs symmetrically placed on the imaginary axis, while
the distribution lowers and broadens along that axis. The
underlying physical mechanism for the generation of this
dynamics was described in Sec. II.
At later times decoherence destroys such structures,
and when the steady-state is reached (Fig. 6) the dis-
tribution looks like the envelope of the multiply-peaked
structure along the imaginary axis, while it preserves its
initial minimum width along the real axis. Figure 7 shows
the density matrix of the steady-state SDM field. The di-
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FIG. 5: Generation of multi-peaked distributions in the tran-
sient cavity field dynamics: W (α, t) distributions at t = 0
(top) and γt = 0.1, 0.3, 0.5 (proceeding downward), obtained
from the master equation (21).
FIG. 6: Steady-state cavity field after the transient evolution
of Fig. 5: W (α) function at γt = 20.
FIG. 7: Density matrix of the steady-state cavity field.
agonal elements provide the photon statistics, and their
wide distribution confirms the predicted super-poissonian
behavior. Furthermore, we note the presence of off-
diagonal density matrix elements or coherences, which
rule the phase and spectral properties of the field.
Initially they are not excited in the cavity field, hence
they are induced by the interaction with the strongly
driven atoms. In order to investigate this effect, in Fig. 8,
we show the steady-state Pegg-Barnett [19] phase distri-
bution
P (θ) = (2pi)−1
∞∑
m,n=0
ρF
(ss)
n,me
i(m−n)θ . (41)
The SDM phase distribution shows a particular fea-
ture, i.e., a narrow two-peaked structure centered on the
values θ = ±pi/2, which is already present in the tran-
sient. This feature is explained by the SDM gain dynam-
ics, Eq. (19), which shows that the resonant interaction
of the cavity field with strongly driven atoms implies an
9FIG. 8: Pegg-Barnett phase distribution of the steady-state
cavity field.
equal displacement of the field by the imaginary quanti-
ties ±ξ. In turn, this effect is quite consistent with the
narrow elongated form of the steady-state distribution
along the imaginary axis in phase space, as well as with
the vanishing of the steady-state field expectation value.
V. CONCLUSIONS
We have investigated the dynamics of a strongly-driven
micromaser, based on the resonant interaction of one
mode of a high-Q cavity with a poissonian low density
beam of two-level atoms strongly driven by a resonant
classical field. We have shown that this system pro-
vides a nontrivial example of an open quantum system
that can be described analytically, exhibiting classical
and nonclassical regimes and properties. We have pre-
sented the time-dependent solution of the master equa-
tion and the expressions of the main statistical quantities
for both the cavity field and the detected atoms. In par-
ticular, we have found that the steady-state of the SDM
photon statistics is always super-poissonian, contrary to
the conventional micromaser. On the other hand, atom-
atom correlations exhibit stronger nonclassical features
than in the micromaser dynamics, due to the stronger
entangling nature of the unitary atom-field interaction.
We have shown that, in the strong coupling regime, su-
perpositions of coherent states can be generated in the
transient dynamics, whose coherence vanishes towards its
superpoissonian steady-state. Also, we have shown the
two-peaked structure of the SDM Pegg-Barnett phase,
explained by the underlying coherent gain mechanism.
The SDM model appears quite promising both as a nice
theoretical tool, with unusual access to exact analytical
developments, and in view of physical implementations,
in cavity QED or in the optical regime with high finesse
Fabry-Perot cavities [20].
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